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AH ALOOEITW FOP LFAnT-SQUARg; RATIOH/X APFBOXIHATICW Of COMPLKX 

?nr;t:rio?:n ct TI :: unit CIRCLE 

Bo Jnnro« n 

AtJtract» .'in algcrithn Tr rntionol upproJtinatlon on the unit 

circle will br f,ivcn. An irr.-.'.i•it«; rij-rlication is cunputation of 

^cursive filicrr. for use- un t\ dicitol conputeri 

1. Definitions 

Let f(tD) lc a civ'n ccnpli   -valued function defined lor real 

values of w, rind let 

Dfn 
»0 

-iw ^ ^ -inw ♦ a, e       +,..•♦• a_ c i n 

brt •»• b. e       ♦...♦be u       i n 

(1) 

bo ft conplcx-valued rational npproxinatinc function defined for real 

values of u. The sets A ■ {a0, n^%  ...  , r^} and B ■ (b-, b^^,  ...  ( bn} 

are real parenctcrc of R      (u). In the fomulas below a.  and b.  are D(n i i 

assuned to bo equal to zero if they do not belong to A or B, i.e. if 

their subscripts are outside the intervals 0 - n or 0 - n respectively. 

We Trill always assunc that n ^ n. 

2. Least-squares approximation 

We want to determine the paraneters a_. a..,  ...  . a   end u     i n 

b-, b.,  ...   , b    such that 

L2(f - 10 

2lT 

11 
-11/2 

f(u)) - d>o (2) 
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r.itiir.B u r.inir.u'. (isaurinr it txiutu). Ihn "llncnt*** approach of taking 

the prirtitU d'.rivitivca with •■ccpcct to all tho paronctcr« it not 

fcnoibl- , r.c it will result in n syotiTi of non-lincnr equations which 

ia hnrJ to oolvi, W.. will nvoid this difficulty by using on algoritho 

giver, by thi- ".utb^r (Jnnsson, 1965). 

], Thr nl frith'.. 

Follawinc il.-- -il^orithn mentioned in the last paragraph wo start 

by adding i real oenctant h to fCw), thus having g(u) ■ f(u) ♦ h. 

Let B ■ (l, 0, ,,, , 0, .,. , ü} <md consider L2(g - R) as a functicn 

of a0» a , •«. ( H only. We can niniaizc L2(g - R) by minimizing 

Lp(g - R) i and this mnkes the analysis simpler. It may be shown that 

a unique nininun exists. Furthermore, it is clear that Lp(g * R) does 

not have a noxinum value, for we can place R(u) as far awey froo f(x) 

as we please. Since  L-Cg - R) is a differentiable function of 

no* al> •** * a ' tho n^n^nun Inus<t' occur where all of the partial 

derivatives 

3 L2(ß  - R)' k « 1, 2. .. , u. (3) 

are zero. 

Fron the fact that Lp(c - R) is a strictly convex function of 

n0, a.,  ...  , a » it follows that there is only one set of parameters 

for which all of the partial derivatives are zero. 

We have 

I - |gU) - Rn>n(u.)| 

■ |gU)|2 ♦ !  ., n{ü))|2 - Re{R(ü)) R,,    (u)}, (M 



„ ■    Hi, 

•3- 

vher« 

|Rn.„'"'|2 * 

(»^♦nj^* ... ♦c^)*^!^ Q1* a1 ft?+ ...♦ a^j »»c) co8w*.,.*2(a0 a^) cos n u 

(b^ + b?* ... ♦b*;) + ?(br. b.+ b. b-+ ,..♦ b b,,) coflw*...*2(bA b ) cos n u oi              n          0   112              n«l n                           On 

aid 

Fe{g(ü») R^ Ju)] 

■ [Re{g(u))} Fe{Pn(u) ^(u)} - 

-La    (ßU)} In   {Pn(«) oQll/l^w)!2. 

Vc have that 

Pn(u.) Q^T - a, bn einu ♦ a0 b^ e i(n-l)u 
♦ ... ♦ 

-101 
♦(aObO + albl+-" + \\)*{&lh0*&2\ * •" +an+l

bn) e       + 

+ ... + a   b-- e m   o (5) 

It is now easy to compute the partial derivatives 

3 I ■ 2 

\ 
Jo   (Vj +Qk-j)c09J w- 

m 
- Re{g(ü»)}    I     b    .  cos j u) + Im   {g(u)}    T     b       sin j u 

j—m   K J o--m   k+J 

/\U)\' (6) 



Cotting nil  thi- partial derivatives equal to tcro and ■ubstituting 

into (3) vc get the matrix equation 

MA . A - r.A (7) 

!!. is u a x n Tocplits natrix, A    is the colunn vector 

T 
(H , p. ,  ,,,   ,   i )  , «id G^.  a column vector. Let us write out the 

clonents of M,  ind G. A A 

< 

2Tt 
r 

^8   I1 - Jl"    d u, Aij" i   K^\' 

GAi-l 
2f  r 

0     *- 

m 
He{g((i))}    I     b.   . co« j w - 

j--n   0+1 

a 
- Im    {g(w)}    I     b.  . sin j u 

j«-m   J+1 
iQ^u)!"2 d u (8) 

To solve for A wc just have to compute 

A0 ' MT1 GA A      A 

which is very easy since M is a Toeplitz matrix that can be inverted 
2 

in en   operations. Here c is a constant and n is the number of rows 

and columne.  An ul^orithn for this purpose has been given by 

Robinson  (19^3), 

Wo have now done the first step and computed a trial solution A , 

Let us in the next stop compute a trial solution B , Wc will do this by 

minimizing 

Pr^w""*1 m* 
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\? 

V-^-i». K'-'^-^ir*" 
i« 

o) 

Let uo write 

82(ü) ( V^ " "^J 

£/ \ n - |ß(W)|
2 - 2Re{ß2(u,) ^y - ß(u.)} 

m 
(10) 

The parameters B enter linearly in the expression above so that we 

may take the partial derivatives and solve for B just as we solved 

for A . 

Again we pet a matrix equation 

Mg B-1 ■ G. B (11) 

where M^ is a Tocplitz natrix and GR is Q column vector. We solve for 

B by conputinc 

B1 - Mj1 GB. 

The elements of M. and Gt may be written 

2it    2 

M [    flU) cos  |i- j|  U)    dfa| 

r^o.)! 



-c- 

J... .   ■ Ki {(• (*)} 2.        'i-^.-   era j  w - 

n 
-  In   {»^(w) \    'i.^.  sin j 

j»-m 
(12) 

Wc hnvc now cor.plcl.d on^ itcrntion cf the alfcoritha and wc just havo 

to ccntinue to detcrr.in-j A'   and B", A        and L       etc    until wo arc 

CIOBC enough to tho point in the paranetcr space AUB whore the 

mninur". (if it exit;.:) is located. We have then ccoputed a sufficiently 

good approximation r'     (u)  .o g(u). Obviously 

iQtn n|n 

P^(W) - h C^(u))      Pj(a.) 

(^(«) QJJU) 
(13) 

is nn equally ^ood ^-pr^o^i^f-tion to f(w). 
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